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Deuterium-Tritium Fusion

Hohlraum
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Inertial Confinement Fusion - Boltzmann Equation

Gold Foil Wall

Plastic

Deuterium
Core

{
Ω · ∇xψ + σtψ = q + σs

4π

∫
S2 ψ(x ,Ω) dΩ

ψ : R3 × S2 → R x ∈ R3,Ω ∈ S2 ψ(xinflow ) = α

Plastic D2 Core D2 Plastic

1D Slab Geometry

{
µ∂xψ + σtψ = q + σs

4π

∫ 1
−1 ψ(x , µ)2π dµ

ψ : R× [−1, 1] x ∈ R, µ = Ω ·~e1 ∈ [−1, 1] ψ(xinflow ) = α
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Discretized Integral

Consider the quadrature of order L:∫ 1

−1
ψ(x , µ)dµ =

∑
`∈L

w`ψ(x , µ`)

Then we have the system of equations:

µ` ∂xψ` + σtψ` = q +
σs
4π

∑
`∈L

w`ψ(x , µ`)

so it makes sense to first solve the simplified equation, an
advection-reaction PDE:

µ`ψ
′
`(x) + σt(x)ψ`(x) = q(x) ∀ ` ∈ L
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Setup of Mesh
We assume that σt , σs , q(x) are constant across zones, and in particular
are constant inside a single cell.

x

x = 0 x = `D

. . .

. . .

. . .Zone 1 Zone 2 Zone M − 1 Zone M× ×
σt,1

q1

σt,2

q2

σt,M−1

qM−1

σt,M

qM
χ0

x0

χi

xi

χN

xN

Standard hat functions χi ∈ Vh, χi : R → [0, 1],

χi =


x−xi−1

xi−xi−1
x ∈ [xi−1, xi ]

xi+1−x
xi+1−xi

x ∈ [xi , xi+1]

0 otherwise
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Finite Elements Formulation (Galerkin)

The finite element formulation is:

∫ `D

0
(µ∂xψh)χi dx +

∫ `D

0
σtψhχidx + µψh(xin)χi(xin)

=

∫ `D

0
qχi dx + µαχi(xin), ∀i = 0, ...,Nh

The underlined terms are our weakly enforced inflow boundary conditions.
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Naive Finite Element Solution

Reed Problem Benchmark
Length 2 1 2 1 2
Cells 25 25 25 25 25
σt 50 5 0 1 1
q 25 0 0 0.5 0
α 0.0
µ 1.0

h L1 Error Conv. Rate
4.00× 10−2 3.33× 10−3 —
2.00× 10−2 8.72× 10−4 1.93
1.00× 10−2 2.21× 10−4 1.98
5.00× 10−3 5.54× 10−5 2.00
2.50× 10−3 1.39× 10−5 2.00
1.25× 10−3 3.47× 10−6 2.00
6.25× 10−4 8.67× 10−7 2.00
3.13× 10−4 2.17× 10−7 2.00
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What Goes Wrong?

Although the numerical method is convergent in || · ||L1 , the gradient was
not bounded and thus there is no control on the oscillations of the solution.

Internal boundary layers appear when σt changes rapidly; this leads to
instability.

Boundary Value Benchmark
Length 0.3 0.3 0.4
Cells 30 30 40
σt 1.0 1× 105 2
q 1.0 0.0 1.0
α 1.0
µ 1.0
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Streamline Upwind Petrov–Galerkin (SUPG)

The Petrov method involves continuing to use Vh as the trial space where
the solution lives, but now the test functions are in:

Wh := spani∈Vertices

{
χi(x) +

∑
K∈Cells

τKµχ
′
|K (x)

}
, τK =

hK
2|µ|

1

max(1, σthK )

Note τK = 0 is Galerkin.

. . . . . .
xi

χi

η(χi) ∈ Wh
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SUPG Results

For the previous problem with boundary layers, SUPG performs much
better.

Boundary Value Benchmark
Length 0.3 0.3 0.4
Cells 30 30 40
σt 1.0 1× 105 2
q 1.0 0.0 1.0
α 1.0
µ 1.0
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SUPG Results

This method is stable around boundary layers (large changes in σt), but
with a coarse mesh it does not converge quadratically around them.
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Reintroducing Integral Term

Now that we can solve each individual Advection-Reaction Equation:

µ`ψ
′
`(x) + σt(x)ψ`(x) = q(x) ∀ ` ∈ L

We can return to the system of equations:

µ` ∂xψ` + σtψ` = q +
σs
4π

∑
`∈L

w`ψ(x , µ`)

Thus, the system we want to solve is a system of differential equations (for
each ` ∈ L) coupled by the RHS.
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Richardson Iteration

When we discretize our mesh and use the finite element method to solve
the differential equations, we get a very large linear system.

Solving it is impractical, but because the only coupling term is the flux
integral, we can use Richardson iteration.
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Richardson Iteration (cont.)

Algorithm: Richardson Iteration for Transport
1 Take a scalar flux guess φ(0) = 0

2 Solve the system of differential equations using our scalar flux guess.
µ`

dψ`,(k)

dx + σt(x)ψ`,(k)(x) = q(x) + σs(x)
4π φ(k)(x)

3 Calculate a new scalar flux guess using quadrature with our solutions
to the system of equations. φ(k+1)(x) =

∑
`′∈L w`′ψ`

′,(k)(x)
4 Repeat until convergence.

For problems where σt−σs
σt

≈ O(1), i.e. sufficiently high absorption, Banach
fixed point theorem guarantees convergence, so the algorithm works.
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Reed Problem Across All Angles

Reed Problem Benchmark
Length 2 1 2 1 2
Cells 25 25 25 25 25
σt 50 5 0 1 1
σs 0 0 0 0.9 0.9
q 25 0 0 0.5 0
α 0.0

Angles 32
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Preconditioning

In the regime where σs >> σa, Richardson iteration needs exponentially
more steps to converge, which quickly becomes prohibitive.

σs/σt Iterations
0.0 1
0.25 14
0.5 27
0.9 174
1.0 57006

Scattering Benchmark
Length 10
Cells 100
σt 10
q 0.05
α 1.0

Angles 8
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Preconditioning (cont.)

We assume σs ∼ 1/ε, σa ∼ ε. Via the method of asymptotic expansion,
we introduce

ψ = ψ(0) + εψ(1) + ε2ψ(2) + · · · as ε→ 0

into

Ω · ∇xψ
ε(x ,Ω) + σt

ε
ψε(x ,Ω) = εq(x) + 1

4π

[σt
ε

− σaε
] ∫

S2

ψε(x ,Ω′)dΩ′

By grouping the o(1/ε), o(1), o(ε), ... terms we see that the former
dominates, and we obtain a Poisson PDE:

−∇ ·
(

1

3σt
∇ψ(0)(x)

)
+ σaψ

(0)(x) = 4πq(x)
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Preconditioning (cont.)

Define a mapping r 7→ Φh(r).

Multiplying by a test function vh ∈ Vh and using integration by parts gives:

∫ `D

0

1

3σt
Φh(r)′v ′

hdx +

∫ `D

0
σaΦh(r)vhdx

+
ω

4
{Φh(r)(0)vh(0) + Φh(r)(`D)vh(`D)} =

∫ `D

0
r dx

We can solve this via classical Finite Element Method.
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Preconditioning (cont.)

Let Φh be the FEM solution operator for our Poisson problem.

We use M := I+Φh as a preconditioner for our Richardson iteration!

σs/σt Iterations
0.0 1
0.25 5
0.5 6
0.9 10
1.0 22

Scattering Benchmark
Length 10
Cells 100
σt 10
q 0.05
α 1.0

Angles 8

R. Dadlani, R. Divan, S. Ojha, G. Ratcliff Radiation Transport Equation May 2026 19 / 32



Grazing Problem

Consider boundary condition imposed on the ”grazing” direction:

ψ(0, µ) =

{
1 µ = µ0 ≈ 0

0 else

Grazing Benchmark
Length 10
Cells 100
σt 100
σs 100
q 0.0

ψ0(µ) 1.0
Angles 8
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Internal Boundary Layer - Grazing Problem
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Takeaways

Moving from theory to implementation takes tremendous care

Good coding practices and test cases are vital

Organizing code is essential as the project scales

Rigorous justification of our methods is harder than writing them
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Conclusion

1 Radiation Transport Equation
2 Naive Method for Advection-Reaction via Galerkin
3 Improved Method via SUPG
4 Reintroduced Integral Term
5 Richardson Iteration
6 Preconditioning
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Appendix A: a priori 1-D energy estimate

µu′(x) + σt(x)u(x) = q(x), u(xinflow) = α

µu′ + σtu +
1

2
(|µ~e1 · ~n| − µ~e1 · ~n)u = q +

1

2
(|µ~e1 · ~n| − µ~e1 · ~n)α

v
[
µu′ + σtu +

1

2
(|µ~e1 · ~n| − µ~e1 · ~n)u

]
= v

[
q +

1

2
(|µ~e1 · ~n| − µ~e1 · ~n)α

]
∫

D
µvu′dx +

∫
D
σtvu dx +

1

2

∫
∂D

(|µ~e1 · ~n| − µ~e1 · ~n)uv dx

=

∫
D

vq +
1

2

∫
∂D

(|µ~e1 · ~n| − µ~e1 · ~n)α dx , ∀ v ∈ Vh.
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Appendix A (cont.)
Now let v = u for the energy estimate and we have∫

D
µuu′dx +

∫
D
σtuudx +

1

2

∫
∂D

(|µ~e1 · ~n| − µ~e1 · ~n)u2 dx

=

∫
D

uq +
1

2

∫
∂D

(|µ~e1 · ~n| − µ~e1 · ~n)αu dx

µ

2

∫
D
(u2)′dx + σt

∫
D

u2dx =

∫
D

u(x)q(x) ≤ ||u||2||q||2 ≤
||u||22
2ε

+
ε||q||22

2

µ

2
u2
∣∣
∂D + σt ||u||22 ≤

σt ||u||22
2

+
||q||22
2σt

+
1

2

∫
∂D

(|µ~e1 · ~n| − µ~e1 · ~n)αu dx

µ

2
u2
∣∣
∂D +

σt
2
||u||22 ≤

||q||22
2σt

+
1

2

∫
∂D

(|µ~e1 · ~n| − µ~e1 · ~n)αu dx

minσt ||u||22 ≤
||q||22

minσt
+ |µ~e1 · ~n|α2
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Appendix B: Energy estimate in Rn

We begin with the following advection-reaction equation with boundary
condition:

Ω · ∇xu + σtu = q, u(xinflow ) = α

We “weakly” incorporate the inflow condition into the PDE:∫
D

u(Ω · ∇xu) +
∫

D
σtu2 +

∫
∂D

1

2
(|Ω · ~n| − Ω · ~n)u2

=

∫
D

qu +
1

2

∫
∂D

(|Ω · ~n| − Ω · ~n)αu

∫
D

u(Ω · ∇xu) =
∫

D
Ω · u∇xu =

1

2

∫
D
∇x · (u2Ω) =

1

2

∫
∂D

u2Ω · ~n dS
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Appendix B (cont.)

∫
D
σtu2 −

∫
∂D−

u2Ω · ~n +
1

2

∫
∂D

u2Ω · ~n

=

∫
D
σtu2 − 1

2

∫
∂D−

u2Ω · ~n +
1

2

∫
∂D+

u2Ω · ~n

=

∫
D

qu −
∫
∂D−

(Ω · ~n)αu

≤ ||q||22
2minσt

+
minσt ||u||22

2
−

∫
∂D−

(Ω · ~n)αu

1

2
minσt ||u||22 −

1

2

∫
∂D−

u2Ω · ~n +
1

2

∫
∂D+

u2Ω · ~n

≤ ||q||22
2minσt

−
∫
∂D−

(Ω · ~n)αu
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Appendix B (cont.)

∫
∂D−

|αu| ≤ ||u||2||α||2 ≤
||u||22
2

+
||α||22
2∫

∂D−
|(Ω · ~n)αu| ≤ −1

2

∫
∂D−

(Ω · ~n)u2 − 1

2

∫
∂D−

(Ω · ~n)α2

So consider

1

2
minσt ||u||22 −

1

2

∫
∂D−

u2Ω · ~n +
1

2

∫
∂D+

u2Ω · ~n

once more and notice that we can cancel the leftmost term of the RHS
above, also the the other boundary condition on the LHS is strictly
positive, and so we have as before

minσt ||u||22 ≤
||q||22

minσt
−
∫
∂D−

(Ω · ~n)α2
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Appendix C: Better 1-D Bound and Existence

I(x)u′ + (σt/µ)I(x)u = q/µI(x) ⇐⇒ (I(x)u)′ = (q/µ)I(x)

since I ′(x) = σt(x)
µ I(x). Then,

u(x) = 1

µI(x)

∫ x

0
qI(s)ds

=
1

µ
exp

(
− 1

µ

∫ x

0
σt(τ)dτ

)∫ x

0
q exp

(
1

µ

∫ s

0
σt(τ)dτ

)
ds
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Appendix C (cont.)

=
1

µ

∫ x

0
q exp

(
− 1

µ

∫ x

0
σt(τ)dτ

)
exp

(
1

µ

∫ s

0
σt(τ)dτ

)
ds

=
1

µ

∫ x

0
q exp

(
− 1

µ

∫ x

s
σt(τ)dτ

)
ds

By assumption σt > 0, so exp(· · · ) ≤ 1 and

|u(x)| ≤ 1

µ

∫ x

0
q ds ≤ 1

µ
||q||2

√
x

||u||22 =
∫ L

0
|u|2 dx ≤

∫ L

0

1

µ2
||q||22x dx ≤ ||q||22

µ2
L

||u||2 ≤
||q||2
µ

√
L
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Appendix D: Uniqueness

We could use either estimate to show this, but the second is more obvious.
Suppose that u1 and u2 both satisfy

µu′(x) + σt(x)u(x) = q(x), u(xinflow) = α

then u1 − u2 = v satisfies

µv ′(x) + σt(x)v(x) = 0, v(xinflow) = 0

and
||v ||22 =

∫
v2 ≤ 0 =⇒ v = u1 − u2 = 0
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