Radiation Transport Equation

R. Dadlani, R. Divan, S. Ojha, G. Ratcliff

May 2026

R. Dadlani, R. Divan, S. Ojha, G. Ratcliff Radiation Transport Equation May 2026



Deuterium-Tritium Fusion

J 4 He + 3.5 MeV
n + 14.1 MeV

Proton )
Neutron J

Hohlraum
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Inertial Confinement Fusion - Boltzmann Equation

Gold Foil Wall

@

{Q-vxwatw: g+ % [ 9(x, Q) dQ
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PV:RPxS2 SR xeR30eS5% ¢h(Xinflow) =

1D Slab Geometry
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poxtp + o = q + % [N (x, p)2m dps
Yv:Rx[-1,1] xeRu=Q-6 €[-1,1] Y(Xinfiow) =
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Discretized Integral

Consider the quadrature of order L:
1
/ G, p)dp =" wirh(x, )
-1 tel
Then we have the system of equations:
g
e Oxthe + by = q + ﬁ > witb(x, pue)
el

so it makes sense to first solve the simplified equation, an
advection-reaction PDE:

pep(x) + oe(x)the(x) = q(x) VLEL
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Setup of Mesh

We assume that oy, 05, g(x) are constant across zones, and in particular
are constant inside a single cell.

x=0 x=4¥p
. Zone 1 Zone 2 Zone M —1 Zone M |
r Ot1 0t2 Ot,M—1 Ot,M n:
g 92 ami au
. “— x
X0 X XN

Standard hat functions x; € Vi, xj : R — [0, 1],

X—Xi—1

v S [X,'_l,X;]
R Xi+1—X .y
Xi = xi1—x X € [xi, Xit1]
0 otherwise
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Finite Elements Formulation (Galerkin)

The finite element formulation is:

’p Lp
/0 (1Oxn)Xi dX+/O oePnxidx + pabn(Xin) Xi(Xin)

4p
:/ gxi dx + paxi(Xin), Vi=0,..., Ny
0

The underlined terms are our weakly enforced inflow boundary conditions.
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Naive Finite Element Solution

Finite element solver applied to the Reed Problem

Reed Problem Benchmark

h LT Error Conv. Rate
4.00x 1072 3.33x1073 —
2.00x 1072 8.72x 1074 1.93
1.00 x 1072 2.21 x 10~ 1.98
5.00 x 1073 5.54 x 107° 2.00
2.50 x 1073 1.39 x 107° 2.00
1.25 x 1073 3.47 x 1076 2.00
6.25 x 107*  8.67 x 1077 2.00
3.13x 107 217 x 1077 2.00

Length 2 1 2 1 2
Cells 25 25 25 25 25
ot 50 5 0 1 1
q 25 0 0 0.5 0
a 0.0
I 1.0
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What Goes Wrong?

Although the numerical method is convergent in || - ||;1, the gradient was
not bounded and thus there is no control on the oscillations of the solution.

Internal boundary layers appear when o; changes rapidly; this leads to
instability.

Standard Galerkin method

—— Standard Galerkin method

Boundary Value Benchmark
Length | 0.3 0.3 0.4
Cells 30 30 40
ot 1.0 | 1x10%| 2
q 1.0 0.0 1.0

« 1.0
1 1.0

0.0 0.2 0.4 0.6 0.8 1.0
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Streamline Upwind Petrov—Galerkin (SUPG)

The Petrov method involves continuing to use Vj, as the trial space where
the solution lives, but now the test functions are in:

hk 1
Wy, = ‘eVerti ‘ | -
h SPalljcVertices {X’<X) + KggusTKHXK(X)} ) K 2|#| maX(l, O'thK)

Note 7 = 0 is Galerkin.

n(xi) € Wy
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SUPG Results

For the previous problem with boundary layers, SUPG performs much
better.

Standard Galerkin method vs. SUPG

—— Standard Galerkin method

150 - Boundary Value Benchmark
Length | 0.3 0.3 0.4
Cells 30 30 40
ot 10| 1x10° | 2
q 1.0 0.0 1.0

« 1.0
1 1.0

0.0 0.2 0.4 0.6 0.8 10
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SUPG Results

This method is stable around boundary layers (large changes in o;), but
with a coarse mesh it does not converge quadratically around them.

L1 Error Convergence with SUPG

—e— L1 Error
=== O(1/N) [1st order]
1034 e . e O(1/N?) [2nd order]
1074
g
I
-
i
10-5 4
10-6 4

10° 104 10°
Number of cells (1 / h)
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Reintroducing Integral Term

Now that we can solve each individual Advection-Reaction Equation:

Heh(x) + o (e(x) = a(x) VLEL

We can return to the system of equations:

o
pedbe +oebe =g+ = wib(x, ue)
7r
lel
Thus, the system we want to solve is a system of differential equations (for

each ¢ € L) coupled by the RHS.
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Richardson lteration

When we discretize our mesh and use the finite element method to solve
the differential equations, we get a very large linear system.

Solving it is impractical, but because the only coupling term is the flux
integral, we can use Richardson iteration.
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Richardson Iteration (cont.)

Algorithm: Richardson Iteration for Transport

© Take a scalar flux guess ¢(©) =

@ Solve the system of differential equations using our scalar flux guess.
é Os( X
e + o (0 (x) = q(x) + S0 (x)

© Calculate a new scalar flux guess using quadrature with our solutions
to the system of equations. ¢“*1(x) =3, wpyp? (K (x)

© Repeat until convergence.

For problems where ‘”U;t"s ~ O(1), i.e. sufficiently high absorption, Banach
fixed point theorem guarantees convergence, so the algorithm works.
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Reed Problem Across All Angles

Angular Flux - Reed's Problem

& (average flux)
o

Y (angular flux)

Reed Problem Benchmark

Length 2 1 2 1 2
Cells | 25 | 25 | 25 | 25 | 25
ot 50 | 5 0 1 1
o5 0 0 o | 09 | 09 4
q 25 | 0 | 0 05| 0 " Sagy, °
a 0.0 7 g 100
Angles 32
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Preconditioning

In the regime where o5 >> o, Richardson iteration needs exponentially
more steps to converge, which quickly becomes prohibitive.

os/o+  lterations

Scattering Benchmark

0.0 1
0.25 14
05 27
0.9 174
1.0 57006

Length 10

Cells 100
o 10
q 0.05
o 1.0

Angles 8
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Preconditioning (cont.)

We assume o5 ~ 1/¢, 0, ~ ¢. Via the method of asymptotic expansion,
we introduce

=0 4 ep® 4 2@ 4. a5 50

into

, ¢ Ot . _ 1o Sl AN
Q- Vi (6, Q) + 2 (x, Q) = £q(0) + 1 [5 o] e )0
By grouping the o(1/¢), o(1), o(¢), ... terms we see that the former
dominates, and we obtain a Poisson PDE:

-V (1w<0> (x)) + 0,90 (x) = 4mq(x)

30'1-
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Preconditioning (cont.)

Define a mapping r — ®p(r).

Multiplying by a test function v, € V, and using integration by parts gives:

lp .
/0 ?xljt<1>h(r)’vzdx+/0 2@ (r)vpdx
_ N
+Z{<I>h(r)(0)Vh<0)+<I>h(r)(£D)vh(gD)}_/ rdx
0

We can solve this via classical Finite Element Method.
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Preconditioning (cont.)

Let @4, be the FEM solution operator for our Poisson problem.

We use M := 1+ P4 as a preconditioner for our Richardson iteration!

Scattering Benchmark

os/o+  lterations
0.0 1
0.25 5
0.5 6
0.9 10
1.0 22
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Length 10

Cells 100
o 10
q 0.05
o 1.0

Angles 8
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Grazing Problem

Consider boundary condition imposed on the "grazing" direction:

I p=po~0
P(0, 1) =
0 else
Anisotropic Scattering with Grazing Angles
0s — Polts per zone: 100 Grazing Benchmark
—— Points per zone: 1000
—— Points per zone: 10000
o , Length 10
Cells 100
503 oy 100
§ 02 Os 100
q 0.0
o) | 10
0 Angles 8
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Internal Boundary Layer - Grazing Problem

Anisotropic Scattering with Grazing Angles

0190

0185

0180

0175

0170

Scalar Flux

0165

0.160

0155

0150
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Moving from theory to implementation takes tremendous care

Good coding practices and test cases are vital
o Organizing code is essential as the project scales

@ Rigorous justification of our methods is harder than writing them
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Conclusion

Radiation Transport Equation

Naive Method for Advection-Reaction via Galerkin
Improved Method via SUPG

Reintroduced Integral Term

Richardson Iteration

© 6 ©6 6 ©0 O

Preconditioning

R. Dadlani, R. Divan, S. Ojha, G. Ratcliff Radiation Transport Equation May 2026



Acknowledgments

Jordan Hoffart

Prof. Guermond

R. Dadlani, R. Divan, S. Ojha, G. Ratcliff Radiation Transport Equation May 2026



Appendix A: a priori 1-D energy estimate

NUI(X) + Ut(X)U(X) - q(X)7 U(Xinﬂow) =

pu' +oeu+ o (Iuel Al — péy - fu=q+ 3 (!uél-ﬁlfuél-ﬁ)a
1 L I L
pu' +oru+ S (|pé - | — péy - Fu| = v q+§(|ﬂel'"|—uel'n)04
/ 1 Lo S
pvu'dx + | orvudx + = [ (|ué - i — pér - f)uv dx
D D 2 Jap

1
—/vq—i—/ (|uér - Al — pér - nadx, Yve V.
D 2 Jop
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Appendix A (cont.)

Now let v = u for the energy estimate and we have

1
/,uuu’dx—i—/atuudx—i—2/ (|ué - A — pé - f)u* dx
D D oD

1 -
:/uq+/ (|puér - | — pér - n)awudx
D 2 Jop

2 2
u €
2 Jp D D 2 2
[t 2| + H H2<Ut||UH%+||q||g_’_i (’ = ’ ) d
o Ylap T Otlltll2 = — %0, 2 Jop €l (€1 - i) dx
1o oe e lgllE 1 .
5 u |aD+§||U||2S72Ut +§ (|Me1- il — péy - n)au dx
mino’tHUH% < ||qH2 +| - 'ﬁ|0[2
min o
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Appendix B: Energy estimate in R”

We begin with the following advection-reaction equation with boundary
condition:
Q- Vyu+ow=aq, U(Xinflow) =«

We "weakly” incorporate the inflow condition into the PDE:

1
/u(Q-VXu)—i—/Utuz—i—/ ~(|Q- il - Q- )’
D D ap 2
1
:/qu—l—/ (19276 — Q- nau
D 2 Jop

1 1
/U(Q-VXU):/Q-UVXU:/VX-(U2Q):/ u*Q-[dS
D D 2Jp 2 Jop
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Appendix B (cont.)

1
/Jtu2—/ UQQ-I_H—/ Q-
D oD- 2 Jop
1
:/Utu2—/ QA4 = / Q-
D 2 Jop- oD+
/qu—/ Q- nau
oD~

<l minodf_ [ (o,
2mino; 2 oD—

=1

3!

=
~—"

au

1 1 1
2minat\|u||§—2/ uzQ-ﬁ+2/ v i
oD~ oD+

2
2mino; aD-
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Appendix B (cont.)

2 2
u (6]
| taul < ulklialls < 142 1 Il
oD~
(- fau| < —— (Q-nu* — = (Q-na
oD~ 2 Job- 2 Jop-

So consider
1 1 1
minat||u||§—/ UQQ'H-I-/ Q- A
2 2 Jop- 2 Jop+

once more and notice that we can cancel the leftmost term of the RHS
above, also the the other boundary condition on the LHS is strictly

positive, and so we have as before

2
min o u]|2 < 1!16171”; _ /w_((z Ao’
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Appendix C: Better 1-D Bound and Existence

)W + (o0 /) (x)u = qful(x) <= (I(x)u) = (q/)I(x)
since I'(x) = #I(X). Then,

R. Dadlani, R. Divan, S. Ojha, G. Ratcliff Radiation Transport Equation May 2026



Appendix C (cont.)
= ;/OX g exp (—; /OX O‘t(T)dT> exp (; /OS O't(T)dT> ds

By assumption o > 0, so exp(---) < 1 and

1 [x 1
MWS/q$SMWﬁ
K Jo ©

S L1 lql3
ol = [ o de < [ llalBxa < H2L

WMSWFﬂ
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Appendix D: Uniqueness

We could use either estimate to show this, but the second is more obvious.
Suppose that uy and us both satisfy

,uu'(x) + Ut(X)u(X) = q(X)7 U(Xinﬂow) =«
then u; — uy = v satisfies
pv'(x) + oe(x)v(x) = 0, v(Xinflow) = 0

and
Hngz/vQﬁO = v=u—u=0
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